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The problem is considered of the injection of an electrically-conducting
fluid into the boundary layer formed on the surface of a flat plate, in
the presence of a magnetic field perpendicular to the surface of the
plate.

1. Suppose a plane semi-infinite plate immersed in a gas flow with
constant temperature T, density p_ and velocity u_. Through the surface
of the plate an electrically-conducting liquid (gas) is introduced, form-
ing a thin layer on the plate as it is entrained by the external flow.
The flow proceeds in a magnetic field H, perpendicular to the plane of
the plate (Fig. 1). We choose a system of coordinates oriented with axis
£ along, and axis y° perpendicular to, the surface of the plate. The
layer on the wall and the exterior flow are separated by a surface of
discontinuity, on which the physical-chemical properties of the material
change. The layer on the surface and all the quantities in it we shall
designate by the index 2, and the part of the boundary layer relating to
the exterior flow we shall designate by the index 1.

We go over to dimensionless variables according to the formulas
=lr, uw=uu p =pp T°=T,T, H =HH(=)
=ty =120 ponm =co K=k (1.1)
VR VR .
Here u and v are the velocities in the x- and y-directions respective-
1y, 7 is the coefficient of dynamic viscosity, k is the coefficient of

thermal conductivity, o is the electrical conductivity of the medium, !
is the characteristic dimension along the plate, H‘ is the characteristic
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intensity of the magnetic field, H° is the normal component of the mag-
netic field on the wall, R= p u _l/p_ is the Reynolds number. The
dimensional quantities 7., k refer to the inflowing streanm, o_1is the
characteristic conductivity of the injected fluid and quantities with
the superscript © have dimensions.

We assume that the conductivity of
the medium in region 1 may be
neglected in comparison with the con-
ductivity of the injected fluid, and
the magnetic Reynolds number, based
on the length of the boundary layer,
is of drder unity, whereas the quan-
tity 1/VR is small:

wuools* _ 1
= dn =0 (1), ﬁ—O(i)

In dimensionless variables, the equations of motion in region 1 may
be written

ou ou a9 _ Ou dpu , Opoy
hd = 4+ =0
P 6z+pv dy 8yn0y' oz + oy
oT or o [ Ou\? 1 o _oT
pdall = gv I el 1.2
Puax—!—pvay mln(6y>+P1 Oync')y (1.2)

In region 2 the motion is described by the system

ou ou 0 _ du dpu dpv

— — i H2’ ) —_— -——=0
PU o TP gy = gy Mgy — TH (@ 35 " oy

aT oT _  , [0u\? 1 8 _oT o2 . 1.3
Pu—ax‘l‘Pva—y'—‘m@n(%) +P—2'@n—5§+m275 (@) u (1.3)

In the systems (1.2) and (1.3) the following constant parameters are
introduced:
G H 1 P Cp;Mi

= - ;= Eal i=¢ T
Pty i k; i “pif o0

(i=1,2)

The equations of motion are supplemented by conditions on the surface
of the plate, the line of discontinuity ®(x) and the surface of the
boundary layer. On the outer surface, we have u; = 1, T; = 1. On the sur-
face of the plate we assume that u, = 0 and that the temperature condi-
tions and the time rate of introduction of the fluid are known. Finally,
it is possible to show that when the magnetic permeabilities of the two
media are the same (p; = p, = 1) the relations on the surface of discon-
tinuity can be reduced to the form used in [1 ], in which the solution
of the problem of fluid introduction without the magnetic field is found:
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The problem posed is self-similar if the magnetic field and the time
rate of introduction of the fluid are proportional to 1/v/z

. a0 0= Ffe € p _ Poled®

Va VR, 2 e

We introduce the Blasius variable { = 1/v/z and the function w(u) =
ndu/dé'; Equations (1.2) and (1.3) can be reduced to the system of ordi-
nary differential equations

H°=H,

O+ K2 M =0, T T Y (1P (P =0 for ut Cu< 1
o' 4 Kp? —-—-"‘T d b =0

20 du
for 0<Cu<Qu*

T" 3T [%'_ ¢! —P2)+&%Eil£] + (Pm?), (1 + ngz) =0

Here u* is the velocity along the line of discontinuity

ar 17]1
T =T , T = = K2 ="K2(T
(u) du 1 1 ( ) oonoo
, do qg n> . P2 N2’
o =5 p=pm=_ Kot = K (T) = P

The functions Klz, K2 and ¢ depend only on the temperature because
the pressure is constant in the entire boundary layer. The systenm (1.5)
is supplemented by the relations

Ty=1, W =0 for u=1
)’ =0, 0y = TP W = W2
e for u=u* (1.6
NTI’ = T2’9 Tl = T2 (N = klon2o> . )
Mk;
(02'“—:1/20, T=T,w for u=20

The nine conditions (1.6) are sufficient for the solution of the two
systems (1.5), each of which is of the fourth order, and for the deter-
mination of the velocity on the surface of discontinuity.

2. The solution of the system (1.5) with boundary conditions (1.6)
was obtained in the case of constant values of X K22 and ¢ where the
parameter K2 has a large magnitude, For this the coefficient of dynamic
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viscosity in region 1 should be proportional to the temperature (K12= 1),
and the motion in region 2 should take place with negligible discon-
tinuity in temperature (then the density, conductivity and coefficient
of dynamic viscosity may be considered constant). The condition K22 =

K% >> 1 is satisfied if one require that the density and coefficient of
dynamic viscosity in region 2 are larger than in region 1. Then

W=0 4= Kfs * = o) Ta=0()
[eoditee)

For these assumed conditions, it is possible to solve the dynamic
problem (determination of the velocity field) separately from the thermal
problem (determination of the temperature field). From the system (1.5)
we obtain the following closed system of equations:

2.19)
” U * . ” Ku d u *
o+ = =0 for u*<Cu<xl; 0"+ L —1 K- — =0 for O0Cu<u
20 20 du
o1 (1) =0, mz'(0)=%.c; oy’ =0, w2'=~r*K6“_, @ =w, for u=u*
2

We introduce expressions for the coefficient of friction and the over-
all drag of the plate. For the force acting on unit area of the plate we
have the expression

o @ (x%) O JJ02,,0 cf‘/ﬁr
F-_-<~q° Ou > + SCHU g 066
6y0 w CZ 06 \\ a
R N
Introducing the friction coefficient and P \:\\ ‘\\\
the total drag by the formulas ’ \\ \\
\ ‘\ \\\ a
(n°9u° | 8y°),, F 02 B T\
€= — 7" cq= S \ \y-0.5
f 13 P ogton® T2 Pogtios? _ N
0 -?:/_b \ V~Ur
we obtain 08 16 h C
VR, a VR, _ Cvy Fig. 2.

5 = 0y (O),

=y (0) + K
We make use of the fact that the parameter K is large. The solution
of the system (2.1) can be obtained by expansion in a power series in
K~ as described in [2]. omitting the unwieldy details, we present the
final results. For the friction coefficient and the total drag we obtain
(2.2)

- c”  2y,C .0526 €2 — 0.1974 G o _
o VR = 0.664—0.5631 &7 —Z1eC 4 0 = +0.28637, T +0(K)

e 8)z J— C’/z
og VR, = 0.664—0.5431 % 400526 ¢7 K2°'1974 € toaman, So 0w @3
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For the parameter of magneto-gasdynamical interaction y* equal to
zero, we obtain the solution of the problem of injection of fluid with-
out the magnetic field. This problem was solved in [1] by use of a
numerical integration of the equations. In the absence of a magnetic
field and fluid injection Formula (2.2) gives the classical solution of
the boundary-layer equation. In Fig. 2 is shown the dependence of cf\/ﬁ;
on the injection constant C for X = 5 and different values of y =%,
computed by taking account of first-order terms in K™ 1 The cu}ve "a"
is also presented, as computed for y = 0, taking account of second-order
terms in K~ 1. The dotted curve is the curve obtained in [1 1. In spite
of the relatively small size of K, for values of the constant C in the
range from 0 to 2, excellent agreement with the exact solution is ob-
tained when only the first approximation is used. This is evidence of the
effectiveness of the proposed method of expansion in terms of the small
parameter 1/K. As is evident from Fig. 2, the presence of the magnetic
field leads to a decrease in surface friction. The first-order total
drag, as follows from Formula (2.3), coincides with the friction drag in
the absence of the magnetic field. The increase in drag by reason of the
cutting of magnetic force lines by the stream is compensated by the de-
crease in the surface friction. Further, calculation of the terms of
order K~ 2 indicates that the overall drag of the plate with fluid in-
jection in the presence of a magnetic field increases. However, it does
not exceed the drag of the plate in question without injection and with-
out taking account of the magnetic field.
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